We investigate the interplay between topological charge and the spectrum of the fermion matrix in lattice-QED 2 using analytic methods and Monte Carlo simulations with dynamical fermions. A new theorem on the spectral decomposition of the fermion matrix establishes that its real eigenvalues (and corresponding eigenvectors) play a role similar to the zero eigenvalues (zero modes) of the Dirac operator in continuous background fields. Using numerical techniques we concentrate on studying the real part of the spectrum. These results provide new insights into the behaviour of physical quantities as a function of the topological charge. In particular we discuss fermion determinant, effective action and pseudoscalar densities.
Introduction
Topological concepts play a prominent role in our understanding of continuum gauge theories. An example of particular importance is the idea that for the true vacuum functional of QCD (θ-vacuum) gauge field configurations of all topological charges have to be taken into account in the path integral [1] . Such statements however are difficult to formulate in a mathematically precise way. The topological charge is a concept for classical, i.e. differentiable fields, since only those fields can be uniquely classified with respect to an integer topological charge. On the other hand differentiable configurations are of measure zero in the path integral for the gauge fields (see e.g. [2] ).
When formulating gauge theories on the lattice the notion of a classical gauge field configuration gets lost. However, various definitions of a topological charge for lattice gauge fields have been proposed (see e.g. the review [3] and also [4] for an overview on more recent developments). Using such a prescription one can in principle assign a topological charge to every lattice configuration (up to so-called exceptional configurations which in the continuum limit do not contribute to the path integral). In a certain sense this makes the lattice approach very powerful for pursuing topological concepts since the path integral can indeed be decomposed into topological sectors whereas in the continuum formulation topological arguments are restricted to (non-contributing) classical configurations.
The working hypothesis, that every gauge field configuration contributing to the lattice path integral in the continuum limit can be assigned a topological charge, allows to decompose the lattice path integral into topological sectors. As discussed above, in the continuum this is only possible in a formal way. The topological decomposition of the lattice path integral is a conceptionally sound procedure and allows to address many interesting physical questions in a mathematically meaningful setting.
For classical gauge field configurations the Atiyah Singer Index Theorem [5] provides a powerful tool connecting the topological charge with the zero modes of the Dirac operator. However in the continuum path integral its value is reduced to formal or semi-classical arguments, since the classical configurations are of measure zero as remarked above.
On the lattice the situation is different. On one hand when approaching the continuum limit, every gauge field configuration contributing in the con-tinuum limit can be assigned a topological charge. On the other hand we have no such thing as the Atiyah Singer Index Theorem on the lattice. However, in the literature several investigations [6] - [11] attempting to establish the Index Theorem on the lattice in a probabilistic sense can be found. If such a goal is achieved, together with the fact that the lattice path integral can be decomposed into topological sectors, this would allow to gain better insight into the behaviour of fermionic observables using the connection between topology and the spectrum of the fermion matrix.
In this article we study QED 2 on the lattice to demonstrate that a tight connection between topology and spectrum of the fermion matrix can be found and provides a powerful mathematical tool. Establishing this connection is a two step procedure. In a first step we use analytic arguments to understand general features of the spectrum of the fermion matrix. In particular we prove a new theorem on the chiral properties of the eigenvectors of the fermion matrix, which makes clear that only the real eigenvalues play a special role similar to zero eigenvalues (and zero modes) of the continuum Dirac operator. These analytic results can be generalized to the 4-dimensional Wilson-Dirac operator [12] .
Once the real eigenvalues are identified as being the trace of the topological charge in the spectrum, in a second step we concentrate on analyzing their properties using numerical methods. Tracing only the real eigenvalues is a much simpler task than investigating all eigenvalues of the fermion matrix. For sufficiently large β we establish results on size and distribution of the real eigenvalues and show that their number is related to the topological charge computed with the geometric definition [13] . In a final section we make use of these results and use them to discuss the behaviour of the fermion determinant, the effective action and the pseudoscalar densities.
The model under consideration (QED 2 ) resembles many features of 4-dimensional gauge theories such as QCD. In particular U(1) gauge theory in 2 dimensions allows for classical topologically nontrivial configurations ('vortices') which play the role of the instantons of 4D Yang-Mills theory. QED 2 has an anomaly which is related to the mass generation of the pseudoscalar singlet as in QCD. Thus the lattice version of this low dimensional model is an interesting candidate when exploring the role of topology in lattice models. Moreover for the continuum model there exists a limit which can be solved analytically. When setting the fermion masses to zero, the model reduces to the Schwinger model [14] for two species of fermions. This allows to check the lattice simulations and to gain intuition from the analytic result. For the case of massive fermions semiclassical results [15] and expansions in the bare mass are available [16] .
The article is organized as follows: Sec. 2 contains a short discussion of the model, the details of the simulation as well as definitions and theorems for the topological charge in the continuum and on the lattice. In Sec. 3 we develop the analytic results for the spectral decomposition of the fermion matrix and in Sec. 4 we analyze the spectrum using numerical techniques. Finally in Sec. 5 we discuss the applications outlined above. The article ends with a discussion (Sec. 6).
Setting
This section prepares the ground for the program outlined in the introduction. We formulate the lattice model, present technical details of the simulation and discuss the definitions and results for the topological charge in the continuum as well as on the lattice.
QED 2 on the Lattice
We work on a two dimensional lattice Λ with volume L 2 . Lattice sites are denoted as x = (x 1 , x 2 ) with x i = 1, 2, ..., L. The lattice spacing is set equal to 1. The gauge fields are group elements U ν (x) ∈ U(1) assigned to the links between nearest neighbours x, x +ν and their action is given by
where the plaquette element is defined as
The gauge fields obey periodic boundary conditions U ν (L+1,
. The fermion action is the bilinear form (in matrix notation)
where the (implicit) summation is over lattice points and spinor indicesthe above mentioned two flavors come about through squaring the fermion matrix (see below). We write the fermion matrix as
where the hopping matrix Q is defined as (spinor indices still suppressed)
β is related to the bare coupling constant e via β = 1/e 2 and the hopping parameter κ to the bare mass m through κ = (2m + 4) −1 . The matrices γ ν are chosen as the Pauli matrices γ ν = σ ν , ν = 1, 2, 3. The fermions obey mixed boundary conditions, i.e. periodic in1-direction and antiperiodic in 2-direction. This is taken into account by the mixed periodic Kronecker delta defined as
Obviously ∆ y−ν,x = ∆ x+ν,y . We are rather explicit here, since the analytic results for the spectrum of the fermion matrix in a fixed background configuration depend on the boundary conditions and also change whether L is even or odd. The latter dependence can be discussed conveniently using ∆ x±ν,y . It has to be remarked, that when actually integrating over all gauge configurations the boundary conditions for the fermions are irrelevant for this model, since gauge group U(1) contains also −1. For a given gauge field configuration there is a partner differing just in the boundary links by a factor −1. The operators resulting from the Grassmann integral over fermion thus are averaged over these configurations.
Technical details of the simulation
We use lattices of size L 2 with L between 4 and 16. In the Monte Carlo simulation the fermions were considered with the hybrid Monte Carlo method [17] . In order to ensure positivity of the fermion determinant measure we had to introduce a second species of fermions. We stress that we squared the fermion determinant only for generating Monte Carlo configurations, whereas below we analyze the spectrum and other properties of M as defined in (3) and (4) (not M 2 ). In the HMC method we used trajectories with 10 steps and a step size adjusted such that the acceptance rate in the Monte Carlo step was 0.8 in the average.
For the inversion of the fermion determinant even-odd preconditioning was used, together with the BiCGγ 5 (actually BiCGσ 3 ) algorithm [18] . This proved to be efficient for most configurations. Whenever we found slow convergence (so-called "unstable configurations", also often called exceptional, in contradistinction to the notation for configurations without definite topological charge to be discussed later) we switched the inverter and used BiCGStab (biconjugate gradient stabilized, cf. e.g. [19] ) without preconditioning, which seemed to be the most reliable (although not most efficient) method.
In general we do not observe any abundance of unstable configurations close to κ crit but actually only very few (O(0.1%)), which then were successfully inverted by BiCGStab. In fact, we even can work at values above the presumed κ crit without noticeable problems.
In the computations below, we simulate the model at the values of κ given in Table 1 . These numbers have been chosen from preliminary results on κ crit (β), that have been determined with help of restoration of PCAC along the lines of [20] . (The final results and their size dependence are discussed in [21] . It turns out that the κ-values of Table 1 are slightly (typically 0.001) below the critical values determined in [21] .) These values are consistent with the behaviour of other observables like the chiral susceptibility. We used these κ-values for all lattice sizes. As will be discussed below, our results are only weakly dependent on the precise value of the hopping parameter. The eigenvalues of the hopping matrix Q were determined by general purpose routines for non-hermitian matrices. Since the configurations are comparatively small, direct determination of all eigenvalues and eigenvectors was possible throughout. 
Topological charge in the continuum and on the lattice
In this subsection we discuss the topological charge in the continuum and its geometric definition on the lattice. We state the Atiyah-Singer Index Theorem and the less known Vanishing Theorem which holds for QED 2 .
We start with collecting some results for QED 2 in the continuum which can be found in the classical papers [22] . There space-time is compactified on a sphere by requiring the gauge fields to approach a pure gauge at infinity. The case of QED 2 on a (continuous) torus is discussed in [23] . In both cases one can define the topological charge (Pontryagin index)
which is an integer valued functional for classical (differentiable) gauge field configurations. The Atiyah Singer Index Theorem relates the topological charge to the index of the Dirac operator, which is given by the difference of the number of positive (n + ) and negative (n − ) chirality zero modes. The zero modes are eigenstates of the Dirac operator
with eigenvalue E = 0. Since γ 3 anticommutes with iD , the zero modes can be chosen as eigenstates ψ + , ψ − of γ 3 with γ 3 ψ + = +ψ + and γ 3 ψ − = −ψ − . n + (n − ) denotes the number of independent states ψ + (ψ − ). The Atiyah Singer Index Theorem [5] then reads
For the case of QED 2 there holds another index theorem, which is sometimes referred to as Vanishing Theorem [22] .
The Vanishing Theorem thus states that for non-zero topological charge either only positive or only negative chirality eigenmodes exist.
When computing the topological charge for the lattice gauge fields, we use the geometric definition which is based on Lüscher's idea of associating a principal bundle to each lattice configuration and defining its topological charge through the topological charge of the bundle [13] . The case of QED 2 was worked out in [24] . One obtains
The plaquette angle θ P (x) is introduced as (compare (2))
and restricted to the principal branch θ P (x) ∈ (−π, π). Note that configurations where U P (x) = −1 for some x are so-called exceptional configurations and Lüscher's definition does not assign a value ν l [U] to them. (This notation should not be confused with the widely used terminology where one calls exceptional configurations those gauge field configurations with bad convergence properties in the inversion algorithm for the Dirac operator.) However, those configurations are of measure zero in the path integral.
Analytic results for the eigensystem of the fermion matrix
This section is devoted to some analytic results on the general structure of the spectrum and the chiral properties of the eigenvectors of the fermion matrix. These results are valuable tools for our later numerical investigation of the spectrum and are necessary for a proper interpretation of an eventual approximation of the continuum index theorems by the lattice model.
The general structure of the spectrum
In this subsection we collect analytic results (S1 -S4) for the spectrum of the fermion matrix M which partly can be found in the literature [8, 9, 25] . Here we carefully distinguish between even and odd values of L since the structure of the spectrum changes according to L even or odd. A proper investigation of this fact is necessary for understanding an eventual realization of the index theorems (7), (8) on the lattice.
We start with noting that the hopping matrix Q, defined in (4) is similar to its hermitian adjoint Q †
where
This implies that α is a simultaneous eigenvalue of Q † (eigenvector v), and of Q (eigenvector Γ 3 v). Let λ be some eigenvalue of Q; then from general theorems λ is an eigenvalue of Q † and thus also of Q.
S1: Eigenvalues of Q and hence also of M (compare (4)) are either real or come in complex conjugate pairs.
Furthermore for L even Q is also similar to −Q
is violated for x µ = 1 (or L). The property Ξ 2 = 1I implies that if λ is an eigenvalue of Q with eigenvector v, then also −λ is an eigenvalue of Q (eigenvector Ξv). Thus the spectrum obeys: This has the direct consequence that for any positive, real λ there is a κ 0 such that on that gauge field configuration µ(κ 0 ) = 0.
By establishing a bound on the norm of Q, further information on the spectrum can be obtained. With (4), using the fact that 1 + γ ν and 1 − γ ν are proportional to orthogonal projectors and |U ν (x)| = 1 it is straightforward to show
The norm .. is defined to be the l 2 norm obtained by summing over all lattice and spinor indices and g is some (spinor) test function on the lattice. This implies for an eigenvalue λ of Q with eigenvector v
Together with S3 one finds:
The eigenvalues µ of M are distributed inside a circle with radius = 4κ with center 1 in the complex plane.
The results S1 -S4 have important implications for an approximate realization of the index theorems (7), (8) on the lattice. For example a configuration with |ν l [U]| = 1 lets one expect (due to (7) and (8)) exactly one approximate zero-mode, i.e. exactly one eigenvalue of M with small modulus. This eigenvalue is then necessarily real, since if the lowest lying eigenvalue was complex, both this eigenvalue and its complex conjugate would have the same absolute value. The emergence of one small and real eigenvalue should be invariant under small deformations of the background field U. Finally we remark, that S4 implies that for κ < 1/4 (which corresponds to bare mass m > 0) exactly vanishing eigenvalues are excluded, and real eigenvalues are positive. This corresponds to the fact that for non-vanishing quark masses m also in the continuum exact zero modes are excluded.
Chiral properties of the eigenvectors
In this section we prove a theorem on the chiral properties of the eigenvectors of the fermion matrix. It establishes that indeed, as already conjectured in the end of the last paragraph, only the eigenvectors with real eigenvalues can be interpreted as approximate zero modes.
In the continuum the zero modes can be chosen as chiral eigenstates, since γ 3 anticommutes with the Dirac operator. On the lattice the Wilson-Dirac operator has terms that explicitly break the chiral invariance and it does not anticommute any longer with γ 3 . However, it is interesting to study the pseudoscalar density matrix
where v i , v j are the right eigenvectors of the hopping matrix Q with eigenvalues λ i , λ j . Due to (3) v i , v j are also eigenvectors of the fermion matrix M, with eigenvalues µ i , µ j related to λ i , λ j through S3. Since Γ 3 is hermitian, we find χ(j, i) = χ(i, j) and
which shows that χ is a hermitian matrix. The following theorem holds:
Theorem 1 (Vanishing entries of the chiral density matrix):
and in particular for the diagonal elements
Note that using S3 the conditions λ i = λ j and λ i / ∈ IR can immediately be written into conditions µ i = µ j and µ i / ∈ IR for the eigenvalues µ i of the fermion matrix M.
Proof: We define the matrix H = Γ 3 Q. From (11) it follows that H is hermitian and thus (v, Hv) ∈ IR for arbitrary vectors v. It follows (make use of the eigenvalue equation
Since χ(i, i) ∈ IR we conclude that whenever χ(i, i) is non-vanishing, λ i has to be real. This proves (18) for the diagonal elements. The result for the diagonal entries of the pseudoscalar density matrix may be found in [27] . Next consider
Since we already showed that the first two terms on the right hand sides are real (either λ i is real or χ(i, i) vanishes) the last equation implies (use (16))
Introducing the abbreviations χ(i, j) = a + ib, λ i = x i + iy i and λ j = x j + iy j the vanishing of the imaginary part in (19) can be expressed as
The matrix on the left has determinant a 2 + b 2 . A non-trivial solution for the vector (x i − x j , y i + y j )
T is possible only if this determinant vanishes. This implies that whenever a 2 + b 2 = 0, we must have
The condition a 2 + b 2 = 0 is equivalent to χ(i, j) = 0 and thus (17) is proven. 2 Theorem 1 has important consequences for an eventual interpretation of eigenvectors of the fermion matrix as candidates for approximate zero modes. In particular the statement (18) on the diagonal entries χ(i, i) of the pseudoscalar density matrix shows that only eigenvectors v i with real eigenvalues µ i allow for non-trivial chiral properties. If one assumes that the index theorem of the continuum can be recovered from the continuum limit on the lattice, eigenvectors v complex with (truly) complex eigenvalues are already ruled out as candidates for zero modes, since they always obey (v complex , Γ 3 v complex ) = 0, whereas normalized zero modes in the continuum obey (ψ, γ 3 ψ) = ±1.
Numerical results for the eigensystem of the fermion matrix
In Section 3 we explored some general aspects of the spectrum and the chiral properties of the eigenstates of the fermion matrix using analytic methods.
Here we numerically analyze the behaviour of the spectrum in Monte Carlo generated background configurations.
Spectrum in fixed background configurations
In this subsection we discuss the spectrum of the fermion matrix using several fixed background configurations. We formulate some conjectures on the general structure of the spectrum, which will be tested in subsequent sections using the whole Monte Carlo ensemble of configurations.
When the couplings approach their critical values (compare Section 2.2) we find [28] that the physical signature (spectrum of triplet and singlet currents, chiral condensates) of the lattice model is in agreement with the continuum results for QED 2 with massless fermions. Thus we expect that the eigenvalues of the full fermion matrix (including the constant term) resembles the spectrum of the massless continuum Dirac operator. We remark that we restrict ourselves to lattices L × L with even L in order to be able to use the maximal symmetry including S2.
In Figures 1.a -1 .f we show the spectrum of the hopping matrix Q for a set of 'typical' background configurations with various values of ν l (compare also [10, 11] ). The Monte Carlo generated configurations are in equilibrium for the corresponding values of κ and β. The values of κ were chosen near the critical κ for the corresponding β.
It is obvious that all spectra obey the symmetry properties S1, S2, S4. The eigenvalues are either real or come in complex conjugate pairs, they are enclosed in a circle of radius 4 around the origin in the complex plane. Their distribution is symmetric with respect to reflection at the imaginary axis, as expected from S2 for even L.
We remark, that due to S3 the largest real eigenvalues of Q are to become the smallest real eigenvalues of M and thus are the candidates for the approximate zero modes. The spectra for topological charge ν l = 1 (Figs.
1.b and 1.e) show one large real eigenvalue of Q (corresponding to one small real eigenvalue of M) as was predicted already in the discussion at the end of Section 3.1. This eigenvalue has the clear interpretation of corresponding to an approximate zero mode.
In the sector with ν l = 2 ( Fig. 1.c) the situation is more involved. The spacing of the two largest real eigenvalues is of similar size as their distance from the nearest pair of complex eigenvalues. Thus the size of the corresponding eigenvalues of M is not a proper criterion to identify them as approximate zero modes. However from the analysis of the chiral properties of the eigenvectors in Theorem 1 it is clear that the 2 small real eigenvalues of M correspond to the approximate zero modes.
It is interesting to note, that in all plots the number of real eigenvalues is equal to 4 |ν l |. It is generally believed [9, 10, 11] that the smaller real eigenvalues are the 'would be' zero modes from the doublers, which are shifted to higher values by the Wilson term. Thus one is tempted to conjecture (for L even)
# of real eigenvalues = 4|ν l | .
However, it has to be remarked, that (20) cannot be exact for arbitrary gauge field configurations. A counter example is given by
This configuration has U P (x) = 1 for all x ∈ Λ and thus ν l [U] = 0. It furthermore reduces the fermion matrix to the case of free fermions with periodic boundary conditions. The spectrum for this case can be computed using Fourier transform and is given by (n 1 , n 2 = 1, ... L)
It is obvious that the imaginary parts vanish whenever n 1 , n 2 ∈ {L/2, L}. This establishes the fact that there are real eigenvalues although ν l [U] = 0, implying that (20) can be violated for certain configurations. This possible violation was also confirmed, when we performed a numerical analysis of the spectrum for randomly chosen background configurations. In this study with static background configurations it also turned out, that the smoother the gauge field, i.e. plaquette variables close to 1, was chosen, the less likely a Finally in (f) we plot the spectrum, for U = 1, κ = 0.25 which corresponds to free massless fermions (note that we use mixed periodic boundary conditions and that the eigenvalues in (f) are degenerate).
violation of (20) became (although isolated configurations such as (21) with all plaquette variables equal 1 still violate (20)). We conjecture that up to isolated configurations, (20) is indeed correct for sufficiently smooth gauge field configurations (compare [8, 10, 11] ).
The relation between the topological charge and the real eigenvalues
In the last section it was conjectured, that (20) should become correct for gauge field configurations which are smooth in some sense. In particular one is interested in the behaviour at large β since one wants to construct the continuum limit when β → ∞. It is known that with increasing β the gauge field becomes smoother (plaquette variables closer to 1) since local fluctuations are stronger suppressed by the action.
In order to test the conjecture that the probability p(β) of finding (20) correct increases with β, we plot p(β) in Fig. 2 (20) entirely dominate the path integral. For β > 3, p(β) is essentially equal to 1 for all lattice sizes we analyzed. We remark, that we found only a weak dependence of p(β) on κ.
What is interesting to note is the difference between the various lattice sizes. For fixed β < 3 the larger lattices lag behind smaller ones in obeying (20) . This poses an interesting question: Do the curves for p(β) reach a limiting curve when L increases? Ideally when performing the continuum limit one would first like to send L → ∞ followed by the limit β → ∞. If a limiting curve with p(β) = 1 for all β larger than some finite bound β 0 emerges one could work with (20) for all β > β 0 , independent of the lattice size. If no such limiting curve emerges, the bound β 0 (L) depends on L. However, for fixed L we can use (20) for sufficiently large β.
There is a second detail which deserves discussion, but is peculiar for QED 2 . Although the classical index theorems (7), (8) guideline in our decomposition of the path integral, the distinct role of the trivial sector in the Vanishing Theorem (8) (which only holds for QED 2 ) should be further analyzed. The theorem makes no statement on the trivial sector and only the Atiyah Singer Index Theorem (7) applies. Thus there is no immediate hint, that (20) should also hold for ν l = 0. In order to settle this issue, we show in Fig. 3 our results for p(β) decomposed with respect to |ν l | on a L = 16 lattice. The raw data for this plot are the same as in Fig. 2 . We find, that for β ≥ 1 the different sectors are essentially uniform in obeying (20) . In particular we find no anomaly for the trivial sector. We remark, that for larger β and higher |ν l | it is difficult to obtain good statistics, since the higher sectors already have a considerably smaller weight in the path integral (compare Section 5.1). The observed high values of p(β) for β ≤ 1, |ν l | ≥ 1 might be explained by the increase of the effective action with |ν l | (see Section 5.1). Increased values of the effective action for higher |ν l | damp additional quantum fluctuations of the gauge field in the higher sectors leading to smoother configurations with enhanced p(β). When β increases, the configurations are forced to be smoother also in the lower sectors leading to the observed uniform behaviour in |ν l | for higher β. 
Properties of the spectrum in ensembles of background configurations
Pursuing the program outlined in the introduction one would like to go over from individual background configurations to an investigation of the behaviour of the spectrum in a whole ensemble of configurations with fixed winding number. In this section we establish some properties of the average behaviour of the spectrum in the ensemble of the path integral. In particular we concentrate on the real eigenvalues which are intimately connected to the topological charge, as established in the last section.
We start with showing a schematic picture (Fig. 4) for the distribution of the real eigenvalues of the hopping matrix Q.
The pattern displayed in Fig. 4 emerges clearly for smooth configurations and becomes more pronounced for increasing values of β (see also [10] ). We find that the real eigenvalues are concentrated in the small domains A, B, A * and B * . The eigenvalues in A are related to the eigenvalues in A * through the symmetry λ ↔ −λ (S2) and the same holds for B and B * . We find that the corresponding diagonal entries of the pseudoscalar density matrix χ(i, i) are equal (as a matter of fact this can be proven analytically, using similar techniques as in the proof of Theorem 1). Also the sign of the diagonal entries obeys a simple pattern: It coincides with the sign of ν l for the regions A, A * and equals minus the sign of ν l for B and B * . This shows that the eigenvectors corresponding to domain A, which are the approximate zero modes (their eigenvalues of M approach 0) also have the correct chirality as expected from (7), (8) .
We find that with increasing β the domains A and B shrink and are shifted towards the limiting values 4 and 0 respectively (see also [10, 11] ). In order to quantify this statement, we computed the average values A, B and the standard deviations σ A , σ B of the real eigenvalues in each of the domains A and B. The eigenvalues can be attributed to A or B due to the chiral properties of the eigenvectors (i.e. the sign of χ(i, i)). The same picture also holds for each sector separately. In Fig. 5 .b we show the same quantities as in Fig. 5 .a, but restrict the ensemble to configurations If one compares the different topological sectors (β fixed) one finds that the average values A, B of the real eigenvalues in A, B are rather independent of ν l and also the size of the domains A, B is rather invariant. This is demonstrated in Fig. 6 where we show average value and standard deviation of the eigenvalues in A and B as a function of the topological charge. We used 2300 configurations in non-trivial sectors, generated on a 16 × 16 lattice at β = 2, κ = 0.276 (≈ κ crit ).
Also the diagonal entries χ(i, i) of the pseudoscalar density matrix show a simple behaviour, monotone in β. We computed the average values χ A , χ B of the χ(i, i) and their standard deviation σ χ from this value for each domain A, B separately. Fig. 7 shows our result for the same sample used in Fig. 5 .b. ν l is positive (=1), and as expected from (7) and (8) larger β.
We summarize the emerging picture for the structure of the spectrum in the ensemble of the path integral as follows (L is even):
E1: Only real eigenvalues can correspond to approximate zero modes, since for complex eigenvalues the diagonal entries of the pseudoscalar density matrix vanish identically (Theorem 1).
E2: For large β the path integral is entirely dominated by configurations obeying # of real eigenvalues = 4|ν l | (Fig. 2) . Fig. 4 (Fig. 5) .
E3: The real eigenvalues group according to the scheme depicted in
E5: The sign of the diagonal entries χ(i, i) of the pseudoscalar density matrix coincides with the sign of ν l for the eigenvalues in A, A * (as expected from (7), (8)) and is minus this sign for B, B * . With increasing β, the values of χ(i, i) get confined in shrinking regions approaching the limiting values ±1 (Fig. 7) . (Figures 3  and 6 ).
E6: The behaviour of the eigensystem is essentially uniform in ν l
In the remaining sections we use these results for analyzing the contribution of different topological sectors to the path integral and to vacuum expectation values of various operators.
Applications
In this section we bring in the harvest from the previous investigation of the interplay between topological charge and behaviour of the spectrum of the fermion matrix. We will demonstrate, that the analytic results S1 -S4 and Theorem 1, together with the results E1 -E6 on the spectrum in ensembles of background configurations provide a powerful tool for analyzing physical questions in lattice gauge theory. Here we concentrate on local and bulk quantities. The study of the dependence of the spectrum (which requires the computationally more demanding analysis of two-point functions (see also [26] )) on the topological charge is reserved for a forthcoming publication [28] .
Effective action and fermion determinant
In this first application we concentrate on the behaviour of the effective action and in particular of the fermion determinant in the various sectors.
After integrating out the fermions (note that we use 2 explicit flavors of fermions (not to be mixed up with the doublers implicit in the Wilson action) one obtains the effective action for the gauge fields
It is interesting to analyze typical values of the effective action in various topological sectors. For the gauge field part of the action it is known [29] , that there exist lower bounds of the action for each sector. In a previous article [30] we analyzed the role of these bounds in the case of pure U(1) 2 gauge theory on the lattice (we will comment on this below). Due to the relation of topological charge and zero modes via the index theorems, also the fermion determinant depends on the topological sectors in a non-trivial way.
In Fig. 8 we show our results for the averages of the gauge field action S g (ν) and the effective action from the fermions S ef f f (ν) in each of the sectors. We give the results per plaquette, i.e. normalized with L −2 . 
right-hand side) to the effective action. The average was taken for each topological sector separately. The data were obtained from a simulation on a 16 × 16 lattice at β = 2, κ = 0.276 using 10 4 configurations. In (a) we connect the symbols to guide the eye. The straight line in (b) was drawn using (27) below. Fig. 8.a (left-hand plot) shows the average value S g (ν) of the gauge field action in each topological sector separately. We find a behaviour which is essentially linear in |ν l |. If one compares this result with the pure gauge theory [30] the linear behaviour is rather surprising. In the quenched case we found a behaviour of the gauge field action which is quadratic in ν l with a variation in ν l which is of one order of magnitude smaller than here. This result was understood in a quantitative way using an argument based on the topology of the configurations [30] . The essentially linear behaviour (plus eventually a small quadratic term) in Fig. 8 .a has no such simple explanation.
In the unquenched model it is not the gauge field action alone which is minimized, but the effective action (22) which is the sum of the gauge field action and the contribution from the fermion determinant. Obviously the influence of the fermions adds a linear term which entirely changes the picture of the pure gauge theory. The interplay of the two terms in (22) does not allow for a simple topological explanation as in [30] .
There is however a lesson from the study of the pure gauge theory [30] which is also confirmed in the unquenched model: The lower bounds for the action in each topological sector are at least one order of magnitude smaller than the average value of the gauge field action. We also computed the distribution of the values of the action, and find that quantum fluctuations keep most of the configurations high above the lower bounds in each sector [30] . The same observation is true for the model with fermions. This is in particular remarkable, since the lower bounds given in [30] are saturated by classical configurations with constant electric field, carrying topological charge. The path integral for the Schwinger model on the torus including all topological sectors can be constructed by dressing these classical configurations with quantum fluctuations [23] . The observed high values of the gauge field action for the main part of the configurations is a demonstration of the importance of quantum fluctuations (see [30] for a more detailed discussion). 
2 of the contribution of the fermions to the effective action for each topological sector. Again we find a behaviour essentially linear in |ν l |. This behaviour can be understood in a quantitative way using the results from the previous sections, as will be shown now.
From S2, S3 it follows (L even) that real eigenvalues ρ of M come in pairs
with 0 ≤ w ≤ 4. E2 and E3 establish, that for large enough β
and that the real pairs are equally distributed among the domains A ∪ A * and B ∪ B * . The determinant of M is the product of all eigenvalues. For the contribution of the real pair (23) one obtains
In E4 we establish, that the regions A and B (and of course also their S2 images A * and B * ) shrink and approach their limiting values 0 and ±4). Thus we obtain characteristic contributions from the real eigenvalues in A∪A * and B ∪ B * described by the average values A, B
The contribution of the complex eigenvalues is more difficult to handle. However by inspecting the spectra for several configurations (see Fig. 1 for a few examples) we find that whenever |ν l | increases by one unit, one of the complex quadruplets vanishes and is turned into two real pairs. The rest of the complex eigenvalues remains rather unperturbed giving some positive (note that complex eigenvalues come in complex conjugate pairs) constant c. As long as |ν l | is considerably smaller than the overall amount of eigenvalues 2L 2 , we make the following ansatz for the contribution of the fermion determinant to the effective action:
The expression gives a behaviour linear in |ν l | and predicts also the slope of the line. The constant term has to be taken from the numerical data. Evaluating 2300 configurations for these parameters (L = 16, β = 2, κ = 0.276) we obtained A = 2.996(8), B = 0.421 (7) . The straight line in Fig. 8 .b was drawn using (27) with these numbers. We find good agreement with the Monte Carlo data. Eq. (27) slightly overestimates the Monte Carlo results for larger |ν l |. This might be due to the fact that by increasing |ν l | by one, four new real eigenvalues emerge causing one complex quadruplet to vanish. Thus the contribution from the complex eigenvalues is not entirely independent of |ν| as we assumed in our ansatz. This effect should become smaller with increasing L. We believe that the essentially linear relation, and the good performance of (27) shows that the behaviour of the fermion determinant as a function of ν l can be understood from the analysis of the spectrum of the fermion matrix in Sections 3 and 4 in a quantitative way (compare also [11] ).
We end this section with a remark on the positivity of the fermion determinant det M. From S1 -S3 we know that the complex eigenvalues come in quadruplets
contributing a factor
to the fermion determinant. Obviously the factor from a complex quadruplet is strictly positive. The second order polynomial 1 − (κ w) 2 which one obtains for the contribution of a pair of real eigenvalues (25) becomes negative for κ w > 1. Thus a negative value of the fermion determinant can only come from pairs of real eigenvalues. Since the emergence of real eigenvalues is connected to gauge field configurations with non vanishing topological charge (compare E2) the positivity properties of the determinant are as well. In the literature one often encounters the approximation det(M) ∼ | det(M)| , used to simulate odd numbers of flavors. This might possibly lead to a wrong weight from non-trivial topological sectors.
In order to investigate this possibility we performed several simulations on L = 8 lattices at β = 2. The values of κ where chosen above the critical κ (which is κ crit ≈ 0.276 for β = 2) in order to force the determinant to negative values. κ varied between 0.280 and 0.335. For κ ≥ 0.320 we found negative values of the determinant in the non-trivial sectors. It is interesting to remark, that we then also found a considerably enhanced abundance of configurations in the higher sectors. The mechanism for this trapping is due to the contribution of the real eigenvalues to the effective fermion action, which is essentially the sum of the logarithms of the eigenvalues squared (note that we squared the determinant for the updating). Once one of the real eigenvalues assumes a negative value (thus causing the determinant to be negative), it can continuously go back to a positive value only by passing through zero. This however drives the logarithm and thus the effective action to infinity. The only way back is through a discontinuous jump, which probably costs a big amount of action. This creates a barrier, which traps the system in a topologically non-trivial sector. Fig. 9 shows a time series for the determinant and the topological charge from 10 4 configurations at β = 2, κ = 0.33. For approximately the first 1000 configurations the topological charge is mainly zero with a few configurations that fluctuate to ν l = ±1. The determinant has only positive values. Then for approximately 3400 configurations, the determinant has negative values, and the topological charge is mainly trapped at ν l = −1 implying that the fermion matrix has 4 real eigenvalues (and thus can have negative values). There are a few configurations with ν l = 0 or 2. From the sign of the determinant we conclude that there still are quadruplets of real eigenvalues, although e.g. ν l vanishes. These are just the configurations violating (20) in agreement with our observation in Fig. 2 . However, the system is obviously trapped in the ν l = −1 sector for more than 3000 configurations. After that a tunneling back to positive values of the determinant occurs and the system evolves again with positive values of the determinant and the distribution of the values of ν l is again symmetric around 0.
The pseudoscalar density
In this section we discuss the contributions of different topological sectors to the vacuum expectation value of the pseudoscalar density. This operator plays an important role in the so called 'fermionic definition' [6] - [9] of the topological charge which uses the chiral Ward identity to define the topological charge and is also used in the lattice derivation of the Witten-Veneziano formula [31] .
Due to translation invariance, the vacuum expectation value of the pseudoscalar density can be written as Such a behaviour can already be expected from the spectral decomposition of the continuum Dirac operator in classical background configurations. The continuum operator iD is hermitian, implying that eigenstates to different eigenvalues are orthogonal. If ψ is an eigenstate with eigenvalue E, then due to {iD , γ 3 } = 0, γ 3 ψ has eigenvalue −E. Thus the matrix elements < ψ|γ 3 |ψ > vanish whenever ψ is not a zero mode. The only states that can contribute in the spectral decomposition of the pseudoscalar density are the zero modes. Since their number is equal to ν due to Index and Vanishing Theorem (7), (8) the linear behaviour follows for classical background configurations.
The lattice Wilson-Dirac operator is not hermitian, even worse, not normal. Thus its (right) eigenvectors do not form an orthonormal basis, and the continuum argument cannot be taken over to the lattice. However, we established (E1) that the real eigenvalues on the lattice take over the role of the zero eigenvalues in the continuum. We furthermore demonstrated (E2) that the number of real eigenvalues is proportional to |ν l |. Finally we found (E5) that the chiral properties (i.e. the sign of the entry in the pseudoscalar density matrix) of the real eigenvalues in the physical region A behaves as in the continuum. These three ingredients allow to understand the observed linear behaviour of the pseudoscalar density.
Discussion
In this study we have demonstrated, that the existence of an integer valued lattice equivalent of the topological charge has important consequences. We believe, that the use of the topological charge on the lattice goes far beyond its applications in continuum formulations of gauge theories. We have shown, that a careful analytic investigation of the spectral decomposition of the fermion matrix supports the interpretation of the real eigenvalues (and the corresponding eigenvectors) as the zero eigenvalues (zero modes) of the continuum Dirac operator. It should be stressed again, that this is a result for all configurations contributing in the continuum limit, while the Index Theorems in the continuum only hold for classical gauge fields. When concentrating only on the real eigenvalues (which is much less demanding than treating the whole spectrum), numerical methods were successfully used to analyze their distribution when approaching the continuum limit. We have shown, that the results for the spectrum can be used to understand the interplay between topological charge and physical quantities in a quantitative way.
As discussed in the introduction, QED 2 has many features in common with QCD 4 . The physical picture we obtained for the 2-dimensional theory thus provides an interesting model for the 4-dimensional case. We remark, that not only the physical picture, but also some of the mathematical results we obtained may be extended to QCD 4 . In particular Theorem 1 which is the conceptual backbone of this study has a straightforward generalization to the 4-dimensional case [12] .
Other aspects are certainly considerably simpler in the 2-dimensional world. In 4-dimensions and for non-abelian gauge groups, the fermion matrix has much larger dimension, and explicit diagonalization becomes a challenging enterprise [32] . However, with the identification of the real part of the spectrum as the trace of non-trivial topological charge, related physical questions might be tackled without knowing all of the spectrum. When concentrating only on the real part, computational simplifications might be possible [12] .
Although from a conceptual point of view most satisfactory, the geometric definition of the topological charge is very costly to evaluate for non-abelian gauge groups. Other definitions such as the 'fermionic approach' using the chiral Ward identity [6] - [9] might be simpler to compute. The latter approach essentially makes use of the pseudoscalar density operator. We expect that also the results for the pseudoscalar density in Section 5.2 can be taken over to QCD 4 [12] and might lead to a considerable simplification of the fermionic ansatz for the topological charge.
